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For 7ns of Rolle's Theorem. 

By J. C. Glashan, Ottawa, Canada. 
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Explanation of Symbols. 
O<0<1. a<fi<b. 

«;^=«m + «m + i+ +a n _ 1 . a;» = o;J. a m = 6 m a m . 

\ I da\ U== I d(a;m + 1) / d(a; m-\-2) . . . .' J d(a;n)U. 

[da] U=[J o da] o U. 

[a] =(n — m) ! / da\ = the remainder of the expansion of (a;«.) ra_w 

after rejecting all terms of the form 

C (a ; m + l) n °> a m+1 a m+a » 

in which « m + 1 + w TO + 2 + + w n _i>«— O + l), 

^m + 2+ +w n _x>w— (wi + 2), 
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If u be a Complex variable, 

Mfu = the protensive (real) part of fu; 
l&fu — the ditensive (imaginary) part of fu . 

I. Functions op a Simple Variable. 

1. Fundamental Form. (Bone's.) Let Fx and F'x be continuous from x = a 
to x = b , and Fb — Fa = ; then will 

.F> = . i. 

A proof of this theorem is given in nearly every text-book on the differ- 
ential calculus ; perhaps the best is that by Professor Mansion in his Lecons 
di? Analyse infinitesimale, ( Gand). 

2. Extension of Rolle's Form. If fx, tyx and f'x : <p'x be continuous from 
x = a to x = 5 , and /& — /a = , then will 

/>:<?>> = 0. ii. 

This form may be proved by reasoning similar to that employed to prove 
the Fundamental Form, or it may be deduced from the latter thus -: 

Let fx = F<px and fi x = (pa + 6 (<pb — <pa) ; then, since fx and q>x are both 
continuous from x = a to x = b , F$x will remain continuous while tyx varies 
continuously from <pa to tyb , also D^Ffyx = D x F<px : D x $x =f'x : fy'x is con- 
tinuous between the same limits. 
Therefore by i. A^i = (a). 

But since <px is continuous from x = a to x = b , although it need not 
always be intermediate between <pa and <£& , yet it must be capable of assuming 
any proposed intermediate value for at least one value of x between a and b , 
i. e. fix = <p(i . 
Hence D.F^ = D^F^ = D^Fcpfi : D^p = » : fa , = by (a). 

3. Lagrange's Form. Let F x x and .F/a; be continuous from x = a to x= b, 

then will 

i^6 — F x a — (b — a) i^u . iii. 

t r, = ^ ® 

Let * X= F 1 b — F 1 a b^' 

hence F x b — F x a — (b — a) i^> . 
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4. Cauchy's Form. Let fx and fax and either, (A,) fx and ^sc, (4/j^zO) 
or, (B ,) fix : ty{x be continuous from x = a to sc — b , then will 

ft* 
fib— fa = -rj- (fab — faa) . iv. 

HI 1 
Case A. Let Fx = ., , r^ — , 

then F'p^-jJ^ r^— = , by i. ; 

f « 
whence, since $/^ z , /^ — / x a = -~ (fab — fad) . iv x . 

Oese.B. Let /cc=~% ^— , 

fiO—M (ftb — ^a 

then Ie^Ml. -tt- 1 ^ r^ — = 0, *y s.; 

whence /j6 — /ja = J -~ (fab — faa) . iv 2 . 

This is an analytical translation of the geometrical proof given by Professor 
Mansion in his Lecons, p. 24, and also in Messenger of Mathematics, Y 2 , 34-35. 
The analytical demonstrations usually given in the text-books apply only to 
Case A. 

5. Special Gase of Gauchy's Form. Let U x , V x , W x , and either D x U x 
and D.(V„— W.) , [2> M ( F„ — TFJ * 0] , or D, ^ : Z>. ( F. — TT a ) be all continuous 
from x = atotc= 5 , then if 

TJ x = f(e + x)+ 9 ~f(e + x)+ + ^=^V* (e + x) , 

Tr=^(« + a ,) + Lzf!^( + a ,) + + i z =^! r(£+a .) f 

lT.=*fo_ a + ^^fo.-. a ,) + + ( -^=j^-^ (17-*), 

it follows immediately from iv. that 

For D m U.=&=f!£f*+i(e + x), D X V X = .#=*£. ** + i ( £ + «.) , 



and D,TF;=- (a; / )g ^g+ifr-g). 
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6. Extension of Gaucliy's Form. Let fx , fx , fx , fx , . . . . f n x , fx , 

<p x x , ty{x, ty % x , <p % 'x , ty n x , <p' n x be all continuous from x = a to x = b , 

then will 

fit* I yv I I fnft 



f x b—f x a fJ>—M ...... fj>—f n a 

j g> -!■ g> + . . . . + g»g 1 = Q 

Let J^sEE _,/** + - ,/* + • -■- /raiC 



VI. 



Vll. 



f x b—f x a f z b—f 2 a ' f n b—f n a 

j gig , ffaS , , f«x ) 

1 fib — <p i« f 3 6 — f a a ' f M 6 — y>„a J ' 

then i. becomes vi. 

Cor. If /tc = fx = / s £c = —fx, then will 

fh _ fa = nf \ gV; ■ * i g> j 

' 7 ' r • ( f x 6 — f t a ^„6 — <p n a ) ' 

Fx being continuous, n must in general be finite. 

7. Forms expressed by Definite Integrals. Let /a;, <px , ^x , J fix.tyxdx and 
/ /aj.^cecfc*; be continuous from x = a tox=b , and fix^-0 and ^asz , then will 

J fx.<pxdx= j— J fx.^xdx. viii. 

fx.ipxdx J fx.-^xd. 



Let Fx = 



>»6 /•& » 

/ fx.fyxdx I fx.^xdx 
Fy — —^ -^ — U by i. 



then 



consequently / fx.^)xdx = ~- J fx.^xdx. 

Cor. If ^a: = 1 , then will 



fx . fyxdx = <pi* I fxdx . ix. 
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/as px 

<pi ydy and^a;= / ^ydy 

a S X Ja ftW" 5 = — TV J a f X J e ^V d V dx 5 X ' 

Xb S*x pb /V 

fx J faydydx = / fxdx . J ^xdx . xi. 

Xb ■ f*x py pb pit pit 

fx J tyy J 4 /Z dzdydx=J a fxdx..J <pxdx.l ^xdx xii. 

where ^ = c + B (p — c) . 

Let fx = / <pxdx and let fc be finite. Integrating by parts, 

Xb pb 

fx . <pxdx = fb . fb — fa . fa — / fx . fxdx 

—fb(fb — fc) — fa (fa—fc) —f a f'x {fx — fc) dx 

Xb pa pb pa 

tyxdx — fa J <pxdx — / f'xj tyydydai (/?). 

Xb pa pit 

fyxdx — fa J <pxdx — (fb — fa ) / <pxdx . xiii. 

Let c = a, then 

Jf*b pb pb px 

Jx . q>xdx = fb J a $xdx —J a fx J a $?jdydx (y). 

pb pit 

— fb J a q>xdx — (fb — fa) j tyxdx . xiv. 

xiv. may also be obtained directly from ix., thus : 

Xb pb 

fx . fyxdx = fb . fb — fa . fa — / fx . fxdx 

by ix., = fb . fb — fa . fa — (fb - fa) ffi 

— fbj tyxdx + fa J <pxdx xiv x . 

Xb pit 

<pxdx — (fb — fa) J <pxdx xiv. 

Jf»5 pb 

a <pxdx -f- (fb — fa)J,L tyxdx . xiv 2 . 
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The usual proofs of viii. and ix. are substantially the same as Moigno's proof 
of Oauchy's Theorem, but no hint is at the same time given that iii. and viii. 
differ only in form of statement, xi., for the case c=b, was given by A. 
Winckler in Sitzungsberichte der math.-nat. Klasse, Wien, LX, (1869). (y) was 
given by G-runert in Gfrunert's Arehiv., IV, 113. (/?) was given by U. H. Meyer 
in Grunerfs Arehiv., V, 216. xiv., xiv 1? and xiv 2 were given by Hankel in 
Schlomilch's Zeitsehrift, XIV, (1869). 

8. Remainder in Taylor's Theorem. In the Special Case of Oauchy's Form, 
let g = 1= b , %■=. a, e= o, e = e — a, v\ = h + b and b = a + h , then 
v. becomes 

/(* + *)- \f* + T fa + + ^X fna } 

+ ^ (k + h) - 1 $k + \vk + + -— w. | ] 

p\ g ! (1 — 0) n h n f n + 1 (a + gft) „ 

»![S!(1 — 6yh?#i>-+ 1 (p + dhy+plfflh* p + i {k + (l — 0)ft}] — XV * 

R gives at once all the forms, exclusive of those involving definite integrals, 
hitherto proposed for the remainder in Taylor's Theorem for a simple variable. 
Thus, if tyx be constant and c = a, R will become the general form given in the 
MSmoires de VAcadSmie de Montpellier, V. (1861—1863), and if in addi- 
tion p = , R will become the special form given in the same memoir. {Tod- 
hunter's Dif. Gale, 6 th edition, -pp. 404-406). The latter form is also given by 
Schlomilch in his Uebungsbuch, p. 262. If p = n , R will become the form 
given by Professor Mansion in Messenger of Math., V a , 161. 

. If q>x be constant, R will become a form of which the special case for 
h = q = was given by Schlomilch in Liouville's Journal, III 2 , 384, (1858); also 
in his Handbuch, 1847. The forms of Roche (1858), Oauchy, and Lagrange (1807) 
are all particular cases of this form of Schlomilch's. 

Definite-integral forms of the remainder can be reduced by viii. or ix. above. 
Thus, to obtain Roche's form in expanding / (x + h) by integration by parts, let 
the remainder 
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1 P h 
and consequently = — -J v n ~ p f n + 1 (x + h — v) . v p dv 

by ix. = -ffip f- + * { x + (1 -6) h\£ l v*dv 

More complicated forms of the remainder can be obtained by employing 
the Extension of Oauchy's Form given in 6 . One of these has been noticed 
by Professor Mansion, Mess, of Math., Y a , 162. 

9. Remainder in Gayley's Theorem. In the note preceding this article, en- 
titled Simple and Uniform Method of Obtaining Taylor's, Cayleijs, and Lagrange's 
Series, it is shown that 

Ax + a i m) = f(x + a i ty + ^f(x+a i '£) + 

+ ^!ll f»-i( x + a; m ) + R xvi . 

(n — l)r \ 'n/ 

in which R = [£daj '*/*(» + «; »») (S). 

b ^ ix - = \.SJ da T~ % (~irf n \* + M.(«;n- 1) + a n _, + a% j ) 

Substitute x for x-\-a;m and for 1 — and the above becomes 
>fc=/(*-a;l)+i^/(«-a;2)+ + -Hll/.-i^ _ a - w) 

+ -££/■(* — a ;n) xvii. 



n! 
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In III. of An Extension of Taylor's Theorem, (this Journal, Vol. I, p. 287), 
the remainder 

=\P"T '{ l -£'" + ' ^<*(«;« + 1 )- !}>(- + « ™+i) 

and by I. of the same note, this 

Una -.;n 
[daj f n (x + a;m) 

which is (8) given above. 

10. Remainder in Lagrange's Series. Let x and y be independent variables, 
w = x -\- ytyw , v = x-+ a<pv , u = x + &<?>« and % = a; + (icftu^ ; also let fw , 

-^— , d n + 1 , ^(c — y), ty (c — y) be all continuous from y = a to 

y — b , and \^' (c — ft) z 0. 

and, by iy., Jl = Fa + 4> ('-*)- *{'-<•) j, 

or, writing this in full, 

, <£(c — a) — <£(e — 6) (ft — lif / d \» ( , ^<-,dfu 1 ') 

If & = 6 , e = 6 + A and a = and therefore w = as and t^ = x + fl&^Wx , 
this reduces to Lagrange's Series, or 

fu=fx + \<px.fx+ ........ + ^(J-J~" \^xYf'x\ 

Vol. IV. 
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Let h = and <tyb = b p + 1 , then the remainder will become 

For -^ (c — 2/) write ^{y + A,) , which may be done since 4> and ^i are both 
arbitrary, then making k = b and a = , xviii. becomes 

/«=/.+ . . ■ + "-^if ■ l(1 ~P -CJ-Y f (w+4* I • 

y J (p\{c-\-6b) n\ \dxj \ yT v dx ) 

Again for ^(c — y) and ^{y + h) , there may be substituted functions of the 
form of W w , V x , or V x — W x of 5, or functions bearing the same relation to 
Lagrange's Series that these do to Taylor's. 

In the note Simple and Uniform Method, &c, it is shown that if u = 
x -\- bfyu and v = x + (b — (3)<pv the remainder in Lagrange's Series is 

-'>K^)"K + 'f|] 



xxi. 



XX, 



in which % = jc + fl^t*! . This is the same form of remainder as that found in 
xx. Had viii. been used instead of ix. in the reduction, forms like those of xix. 
or xxi. would have been obtained. 

II. Functions op. a Complex Vaeiable. 

11. General Form. Let u = x + i<p% , **o = x o + i<px , % = x^ + i^>x 1 , 
v 1 = u -\- B x (u x — u Q ) , and v % = u + 2 (% — w ) . If q>x and 4>'cc remain con- 
tinuous while x varies continuously from x = sc to x = x x , if also <E>tt and <J>'tt 
remain continuous from w = u to « = % , and if 4>m x — <£>u = , then will 

g& Vl = and Ww 2 = . xxii. 

12. Special Form. Let w — {u — w ) : (**! — tt ) and 

<£« = (^ — i*o) j (i^ — i^,) (tp«? — $0) — (Ifa — i^ ) (fl — tpo) } 
and .-. <&u= (F Ul — Fu ) <P'w — (% — u ) (1*1 — <P0) J"w 

.■.FU! — FU = X * ^ K% — «o) -^S } + * ¥ ,0 * *&{ («i — W ) ^S } • Xxiii. 
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1 3. Remainder in Taylor's Thoerem. In the preceding form let 
JFt*=/(A + fa)+^=^/(A+7«)+. ....... +^^f n (h + lu), 

Vw=4<(a + bw)+ -=^W(a + bw)+ + ^ ~ ^ 4< m (a + bw) , 

r. f(h + luj + J ^f(h + lu 1 ) + ^tz^t r{h + lUi) 

= [^(a + ft)+2=i^(a + 6) + + (£ =T".'<(« + 6) 

-|^a+-f^a + +Ji4\ a \] E i 

+ [^(a + /?) + j: =^^(a + /?) + + fr=«L^( + ^) 

— I ^ 2 a + -^-^ a + + ~^r^ a } ] B * = B - xxiv - 

in which j x = pim^p u jt~, lVx £? + l { Lt lVi)l , &)• 

Had it been assumed that 

*Pw= ^fa + 6i«0 -«P, (a, -b,w) + * ~ M ^ (^ + M)-^^«P» («! - M)+ &o. t 

a general theorem would have been obtained of which v. is the form for a real 
variable in the particular case I = \ = 1. 

Taylor's theorem with Remainder is the particular case of xxiv. for h = , 
k = i*! , and 7 = 1 . If in addition to these limitations , c = b , y = (3 , and 
^ — u = t, xxiv. becomes (writing ?* for u ) 

f{u+t)—\fu+ ~f'u+ +^/*t»[ 

(1 w! ) 

= [>(« + &) — 1^+1^+ +^^a|]A 

+ [^(a+/3)- J4%i + -|^,+ a + -£!#<* }]■«» xxv. 
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in which Rl = PW-w->*\r+*r+\» + m , (lh) . 

See Elementary Demonstration of Taylor's Theorem for Functions of an 
Imaginary Variable, by Professor Mansion, Mess, of Math. VIII a . pp. 17-20 (1878). 

In this note I have spoken of Forms of Rolle's Theorem because in reality 
the various theorems differ merely in form, not at all in generality. Some 
forms are more convenient than others, and exhibit explicitly what the others 
contain implicitly. Thus Oauchy's Form is not more general than that of 
Lagrange, but only sometimes more convenient; every theorem that can be 
proved by the former can likewise be proved by the latter. 



